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Let G be a simple graph with vertices v1, v2, . . . , vn, of degrees =
d1  d2  · · · dn = δ, respectively. Let A be the (0, 1)-adjacency
matrix of G and D be the diagonal matrix diag(d1, d2, . . . , dn).
Q(G) = D + A is called the signless Laplacian of G. In this paper,
we give some sharp bounds on signless Laplacian spectral radius
ρ(Q(G)) in terms of di .
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
All graphs considered here are simple, connected and undirected. Let G be a simple graph with
vertices v1, v2, . . . , vn, of degrees  = d1  d2  · · · dn = δ, respectively. If vertex vi is adjacent to
vj , we denote by vi ∼ vj . Let A = (aij)n×n be the (0, 1)-adjacencymatrix of G, and letD be the diagonal
matrix diag(d1, d2, . . . , dn). The matrix L(G) = D − A is the Laplacian of G, while Q(G) = D + A is
called the signless Laplacian of G.
The matrix Q(G) is symmetric and nonnegative, and, when G is connected, it is irreducible. If
M is the n × m vertex-edge incidence matrix of the (n, m)-graph G, where m denotes the edge

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Fig. 1.1. G1.
Fig. 1.2. G2.
number of G, then Q(G) = MMt . Thus Q(G) is positive semi-deﬁnite and its eigenvalues can be
arranged as:
ρ(Q(G)) = ρ1(Q(G)) ρ2(Q(G)) · · · ρn(Q(G)) 0.
ρ(Q(G)) is called the signless Laplacian spectral radius or Q-spectral radius of G.
Computer investigations of graphs with up to 11 vertices [2] suggest that the spectrum of D + A
performs better than the spectrum of A or D − A in distinguishing non-isomorphic graphs, study of
the spectrum of D + A is of interests in the literature (see [1,6], for example) recently.
For a simple connected graph G with n vertices and m edges,  = d1  d2  · · · dn = δ, in [6],
Oliveira and de Lima got that
ρ(Q(G))max
i
di +
√
d2i + 8dimi
2
(1)
and
ρ(Q(G))max
i
(di +
√
dimi), (2)
wheremi = 1di
∑
vj∼vi dj , and in [3,4], Li, Liu et al. got that
ρ(Q(G))
 + δ − 1 +
√
( + δ − 1)2 + 8(2m − (n − 1)δ)
2
; (3)
in this paper, we give a sharp upper bound
ρ(Q(G)) min
1 i n
⎧⎨
⎩
d1 + 2di − 1 +
√
(2di − d1 + 1)2 + 8(i − 1)(d1 − di)
2
⎫⎬
⎭ , (4)
and also some other sharp bounds on ρ(Q(G)). Many examples shows that the bound in (4) is better
than the bounds in (1)–(3).
Examples. For G1 (see Fig. 1.1), the bounds in (1), (3) are both 5, the bound in (2) is 3 +
√
5, but the
bound in (4) is 3
2
+ √3; for G2 (see Fig. 1.2), the bounds in (1), (3) are both 3+
√
57
2
, the bound in (2)
is 3 + √6, but the bound in (4) is 3
2
+ √3. It is easy to check that the bound in (4) is better than the
ones in (1)–(3) for G1, G2.
This paper is organized as follows: Section 1 introduces the basic ideas and their supports; Section
2 introduces some working lemmas; Section 3 gives some sharp bounds on ρ(Q(G)).
2. Preliminaries
A reformulation of inequalities from the theory of nonnegative matrices [5, Chapter 2] yields the
following
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Lemma 2.1. If A is a nonnegative irreducible n × n matrix with largest eigenvalue ρ(A) and row sums
s1, s2, . . . , sn, then
min
1 i n
si  ρ(A) max
1 i n
si.
Moreover, one of the equalities holds if and only if the row sums of A are all equal.
For a simple connected graph, we have the similar lemma.
Lemma 2.2. Let G be a simple connected graph with n vertices. Then
2δ  ρ(Q(G)) 2.
Moreover, one of the equalities holds if and only if G is a regular graph.
3. Main results
Now, we present our results as follows.
Theorem 3.1. Let G be a simple connected graph with n vertices, d1  d2  · · · dn. Then
ρ(Q(G))
1∑n
i=1 d2i
∑
vi∼vj ,i<j
(di + dj)2.
Moreover, the equality holds for regular graphs and complete bipartite graphs.
Proof. Note the relation between the Rayleigh quotient and the spectral radius of a non-negative real
symmetric matrix, let X = 1√∑n
i=1 d2i
(d1, d2, . . . , dn), then
ρ(Q(G)) XQ(G)Xt = 1∑n
i=1 d2i
∑
vi∼vj ,i<j
(di + dj)2.
Moreover, it is easy to check that the equality holds for regular graphs and complete bipartite graphs.

Theorem 3.2. Let G be a simple connected graph with n vertices, d1  d2  · · · dn. Then
ρ(Q(G)) min
1 i n
⎧⎨
⎩
d1 + 2di − 1 +
√
(2di − d1 + 1)2 + 8(i − 1)(d1 − di)
2
⎫⎬
⎭ . (5)
where 1 i n.
Moreover, if i = 1, the equality holds if and only if G is a regular graph. If 2 i n, the equality holds if
and only if G is either a regular graph or a bidegreed graph in which d1 = d2 = · · · = di−1 = n − 1 and
di = · · · = dn = δ.
Proof. When i = 1 or di = d1, it is clearly that the inequality (5) is true and the equality holds if and
only if G is a regular graph by Lemma 2.2.
Now, we suppose d1 > di. Clearly, 2 i n.
The matrix Q(G) can be written as
Q(G) = (qij)n×n =
(
Q11 Q12
Q21 Q22
)
,
where Q11 is an (i − 1) × (i − 1) matrix and Q22 is an (n − i + 1) × (n − i + 1) matrix. Let
U =
(
xIi−1 0
0 In−i+1
)
, U−1 =
(
1
x
Ii−1 0
0 In−i+1
)
,
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where x > 1, Ii−1 is an (i − 1) × (i − 1) unit matrix, and In−i+1 is an (n − i + 1) × (n − i + 1) unit
matrix. Then
B = U−1Q(G)U =
(
Q11
1
x
Q12
xQ21 Q22
)
,
Obviously, Q(G) and B are similar matrices, they have the same characteristic roots. So, ρ(Q(G)) =
ρ(B). Now, we consider the row sums r1, r2, . . . , rn of matrix B.
rl =
i−1∑
j=1
qlj + 1
x
n∑
j=i
qlj = 1
x
n∑
j=1
qlj +
(
1 − 1
x
) i−1∑
j=1
qlj = 2
x
dl +
(
1 − 1
x
) i−1∑
j=1
qlj,
where 1 l i − 1, and
rk = x
i−1∑
j=1
qkj +
n∑
j=i
qkj =
n∑
j=1
qkj + (x − 1)
i−1∑
j=1
qkj = 2dk + (x − 1)
i−1∑
j=1
qkj,
where i l n. Since G is without loops and multiple edges, in the matrix Q(G), qii = di, qij = 0 or 1
if i /= j, where i, j = 1, 2, . . . , n. Hence∑i−1j=1 qlj  dl + i − 2 where 1 l i − 1 and∑i−1j=1 qkj  i − 1
where i k n. As x > 1 and d1  d2  · · · di−1  di  · · · dn, then
rl 
2
x
d1 +
(
1 − 1
x
)
(d1 + i − 2) =
(
1 + 1
x
)
d1 +
(
1 − 1
x
)
(i − 2), (1 l i − 1) (6)
and
rk  2di + (x − 1)(i − 1), (i k n) (7)
Obviously,
max{r1, r2, . . . , rn}max
{(
1 + 1
x
)
d1 +
(
1 − 1
x
)
(i − 2), 2di + (x − 1)(i − 1)
}
.
Let (
1 + 1
x
)
d1 +
(
1 − 1
x
)
(i − 2) = 2di + (x − 1)(i − 1).
Solving this equality, we get
x = 2i + d1 − 2di − 3 +
√
(2di − d1 + 1)2 + 8(i − 1)(d1 − di)
2(i − 1) .
We can easily ﬁnd that x > 1 since i 2 and d1 > di. So,
ρ(Q(G)) 2di + (x − 1)(i − 1) =
d1 + 2di − 1 +
√
(2di − d1 + 1)2 + 8(i − 1)(d1 − di)
2
.
For equality to hold in (5), all inequalities in the above argumentmust be equalities. In particular, from
(6) we have that dl = d1 when 1 l i − 1 and ql,j = al,j = 1 when 1 l i − 1, 1 j i − 1, l /=
j. From (7) we get qk,j = ak,j = 1 and dk = di, where i k n, 1 j i − 1. So qk,j = aj,k = 1 when
i k n, 1 j i − 1. Thus d1 = n − 1. This means that the degree sequence of G satisfying n − 1 =
d1 = · · · = di−1 > di = di+1 = · · · = dn. Hence G is a bidegreed graph in which d1 = d2 = · · · =
di−1 = n − 1 and di = · · · = dn = δ. Conversely, it is easy to show that the equality holds when G is
a bidegreed graph in which d1 = d2 = · · · = di−1 = n − 1 and di = · · · = dn = δ.
This completes the proof. 
The join G∇H of disjoint graphs G and H is the graph obtained from G⋃H by joining each vertex
of G to each vertex of H.
G. Yu et al. / Linear Algebra and its Applications 434 (2011) 683–687 687
Now, we denote by p the number of vertices with the maximum degree , and by q the number
of vertices with the second largest degree ′. If G is a k-regular graph, we let  = ′ = k. We obtain
the following results similar to Theorem 3.2.
Theorem 3.3. Let G be a simple connected graph with n vertices, the maximum degree  and the second
largest degree ′. If there are p vertices with degree , then
ρ(Q(G))
 + 2′ − 1 +
√
(2′ −  + 1)2 + 8p( − ′)
2
. (8)
The equality holds if and only if G is a-regular graph or G ∼= Kp∇H, where H is a (′ − p)-regular graph
with n − p vertices.
Proof. The proof can be obtained by taking  = d1, ′ = di and p = i − 1 in Theorem 3.2. 
Corollary 3.4. Let G be a simple connected graph with n vertices, the maximum degree  and the second
largest degree ′. If there are p vertices with degree  and 2p′ + 1, then
ρ(Q(G)) + ′. (9)
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